We consider a self-gravitating system consisting of perfect fluid with spherical symmetry. Using the general expression of entropy density, we extremize the total entropy S under the constraint that the total number of particles is fixed. We show that extrema of S coincides precisely with the relativistic Tolman-Oppenheimer-Volkoff equation of hydrostatic equilibrium. Furthermore, we apply the maximum entropy principle to a charged perfect fluid and derive the generalized Tolman-Oppenheimer-Volkoff equation. Our work provides a strong evidence for the fundamental relationship between general relativity and ordinary thermodynamics.
Introduction
In the past few decades, research in general relativity has suggested a very deep connection between gravitation and thermodynamics. The four laws of black hole mechanics were originally derived from the Einstein equation at the purely classical level [2] . The discovery of the Hawking radiation [3] allows a consistent interpretation of the laws of black hole mechanics as the ordinary laws of thermodynamics. By turning the logic around, Jacobson [4] showed that the Einstein equation may be derived from the first law of local Rindler horizons. Inspired by Jacobson's work, a lot of efforts have been made to derive the dynamical equations from black hole thermodynamics [5] - [9] . In fact, this idea can be traced back even before the establishment of black hole mechanics. In 1965, Cocke [10] proposed a maximum entropy principle for self-gravitating fluid spheres. Let S be the total entropy of spherically symmetric perfect fluid. Cocke showed that the requirement that S be an extremum yields the equation of hydrostatic equilibrium which was originally derived from the Einstein equation. However, a critical assumption in Cocke's derivation is that the fluid is in adiabatic motion so that the total entropy is invariant. By imposing the adiabatic condition, the entropy density s is expressed as the function of the energy density ρ, while for a general fluid, s is a function of at least two thermodynamic variables. In my opinion, the variation of S is performed on a spacelike hypersurface and the dynamic revolution of the fluid is irrelevant. Furthermore, variation of S is not consistent with the adiabatic condition. If the entropy is required to be invariant, as indicated by the adiabatic condition, the variation of entropy would be meaningless. Thus, it is not appropriate and consistent to impose the adiabatic condition. In relation to Cocke's work, Sorkin, Wald and Zhang (SWZ) [11] develop a different entropy principle for radiation. The major difference is that the adiabatic condition was not needed in SWZ's derivation. Moreover only the Einstein constraint equation was used in the proof while Cocke used both the constraint equation and the radial-radial component of Einstein's equation. However, SWZ's discussion was restricted to radiation for which the thermodynamic relations can be expressed explicitly and the entropy density only depends on one thermodynamic variable. It is important to know whether SWZ's treatment can be generalized to an arbitrary perfect fluid. In this paper, we prove a maximum entropy principle for a general self-gravitating perfect fluid. The new arguments used in our proof are as follows. First, we use the Gibbs-Duhem relation as the expression of entropy density for a general fluid. Second, our maximum entropy principle is under the constraint that the total number of particles is invariant. Consequently, the method of Lagrange multipliers plays an important role in our derivation. Third, in addition to the Einstein constraint equation, we only make use of the ordinary thermodynamic relations to derive the Tolman-Oppenheimer-Volkoff (TOV) equation. No other assumptions are needed. Finally, we extend our treatment to a general charged fluid. With modified arguments, we derive the generalized TOV equation for a charged fluid.
Review of SWZ's derivation on self-gravitating radiation
Since our work is closely related to SWZ's prescription, we shall give a brief review on the derivation in [11] . Consider a spherical box of radiation having total energy M and confined within a radius R. For thermal radiation, the pressure p and energy density ρ satisfy the equation of state
and then the stress energy tensor is given by
where u a is the 4-velocity of the local rest frame of the radiation. In terms of the locally measured temperature T , the energy density ρ and entropy density s are given by
where b is a constant. So s can also be expressed as
with α = 4 3 b 1/4 . As shown by SWZ, the extrema of the total entropy S corresponds to a static spacetime metric
The constraint equation, which is obtained from the time-time component of the Einstein equation, yields
Thus, m(r) is a mass function. Let the gas be confined in the region r ≤ R. Then the total entropy is given by
Our task is to find a function m(r) such that the total entropy S is extremized. Note that the total mass M within R is
and obviously
Hence, all the variations must satisfy
By using this condition, the extrema of S is equivalent to the EulerLagrange equation
for the Lagrangian
By straightforward calculation, Eq. (12) yields
By substituting Eq. (7), one can show that Eq. (14) is equivalent to
Since p = ρ/3 for radiation, we see immediately that Eq. (15) is just the relativistic Tolman-Oppenheimer-Volkoff equation.
Maximum entropy principle for perfect fluid
To generalize SWZ's prescription to an arbitrary perfect fluid, we first need to find a formula for entropy density s. Because radiation has a vanishing chemical potential, its entropy density depends on only one thermodynamic variable, e.g. T or ρ. For fluids consisting of particles, there are at least two independent variables. We start with the familiar first law
where S, E, N represent the total entropy, energy and particle number within the volume V . Write Eq. (16) in terms of densities
By expansion, we have
Applying Eq. (16) to a unit volume, we find
Combining Eqs. (18) and (19), we arrive at the integrated form of the Gibbs-Duhem relation [12] 
To derive this formula, we only used the first law of the ordinary thermodynamics. So it is a general expression for perfect fluid. We treat (ρ, n) as two independent variables, e.g.,
For example, the thermodynamic quantities for a monatomic ideal gas are given by [13] 
Our task is to extremize the total entropy
In addition to the constraint Eq. (11), it is natural to require the total number of particles
to be invariant, i.e.,
Following the standard method of Lagrange multipliers, the equation of variation becomes
Define the "total Lagrangian" by
Now the constrained Euler-Lagrange equation is given by
Thus, Eq. (30) yields
Using Eq. (19), we have
which shows that µ T must be a constant for self-gravitating fluid. From Eq. (29), we have
and
Here
where Eqs. (7) and (19) have been used. Hence
Using Eqs. (33) and (20), Eq. (34) becomes
So the Eular-Lagrange Eq. (31) yields
The constraint Eq. (33) yields
Rewrite Eq. (20) as
The differential of p is dp = T ds + sdT + µdn + ndµ − dρ .
By substituting Eq. (19), we have dp = sdT + ndµ .
It follows immediately that
Substituting Eqs. (33), (20) and (41) into Eq. (45), we have
Substituting Eq. (46) into Eq. (40), we obtain the desired TOV equation
4 Maximum entropy principle for charged fluid In coordinates (t, r, θ, φ), assume that a spherically symmetric charged fluid has the line element
Here Q(r) is defined as the total charge up to the radius r and m(r) will be determined later. The matter field consists of a charged fluid. Let
be the four-velocity of the fluid. Then the total stress-energy tensor can be written as
The electromagnetic field F ab satisfies the Maxwell's equations
where ρ e is the charge density measured by the comoving observers. By using the identity Γ a aµ = ∂ ∂x µ ln √ −g (see [14] ) Eq. (53) becomes
Because of spherical symmetry, the only nonvanishing components of F ab are F tr (r) = −F rt (r). Thus, Eq. (55) yields
where Eqs. (49) and (53) have been used in the last step. So by definition, the function Q(r) in Eq. (48) can be written as
By comparing Eqs. (57) and (56), one finds immediately that
is a solution of Eq. (56). Then the time-time component of Einstein's equation gives
This formula is consistent with the result in [15] . Now we derive the hydroelectrostatic equation from the maximum entropy principle. The total entropy of matter takes the form
For simplicity, we assume all the particles have the same charge q. Thus, the charge density is proportional to the particle number density n ρ e = qn .
Together with Eq. (57), we have
Now we treat Q(r), Q ′ (r) as independent variables in the Lagrangian formalism. So the Lagrangian is written as
The conservation of particle number N is equivalent to the conservation of charge with the radius R. Now the constraints are
With these constraints, the extrema of S leads to the following EulerLagrange equations
To calculate the Euler-Lagrange equations, we first note that
With the help of Eqs. (59) and (62), we have
Thus,
To calculate ∂L ∂Q , first note that ∂s ∂Q = ∂s ∂ρ ∂ρ ∂Q + ∂s ∂n
Then
where
By substituting Eqs. (70) and (72) 
Eliminating s, µ and n via Eqs. (20) and (62) 
